ABSTRACT Graph labeling has wide applications in the field of computer science, such as coding theory, cryptography, software testing, database management systems, computer architecture, and networking. The computers connected in a network can now be converted in a graph and labels assigned to the graph so formed will help to regulate bandwidth, data traffic, in coding and decoding signals. [Utiltas Mathematica, 98 (2015), 227-249].
I. INTRODUCTION
In computer science, the role of graph labeling is improving the way in which repeated labels in data mining becomes negligible, security code to halt the attacks of hackers to precious data and in coding of data to transmit it to different networks and devices alike. Similarly, test ready labels and reference labels are improving the software configurations for their updated versions. A two-scan algorithm for labeling connected component in binary images in raster form is improving the way we can make graphics better [29] .
The most important thing or scenario in which computer networks got critical and crucial is networking as there are two modes in which networking is done i.e wired networking and wireless networking. Although wireless networking is caterpillar for 0 ≤ d ≤ 2. Apart from that a general algorithm is also presented. Finally, in section 4, the paper is concluded with some future prospects.
II. PRELIMINARIES
In this section some definitions and results are discussed which are useful in the section ahead.
Definition 1 [2] 
Definition 3 [2]: An ((a, d)-EAT) labeling of is called super (a, d)-EAT labeling (S-(a, d)-EATL) of if the vertices of
have been given labels from [1, m] .
A graph accepting this labeling is called S-(a, d)-EAT. Observe that (a, d)-EATL and S-(a, 0)-EATL are in actual EMT and SEMT labelings of respectively. Bača et al. [1] gave a condition for a graph to be S-(a, d)-EAT. Lemma 4: If a graph has an (a, d)-EAVL then has:
• S-(a + Akhlaq et al. in [19] defined a subdivided caterpillar graph with the subdivision done on constant number of end edges. If we consider a caterpillar having variable number of end edges, a newer and much generic form of subdivided caterpillar is obtained that is defined as follows:
Definition 6: Consider a caterpillar graph with variable number of pendent edges say, l 1 , l 2 , . . . , l n on the vertices c 1 , c 2 , . . . , c n on the path respectively. For 1 ≤ i ≤ n, If we subdivide each of l i , then the graph so obtained is a subdivided caterpillar denoted by φ(α 1l 1 , α 1l 2 , . . . , α 1l n : n) such that
. . . , α nl n = (p n1 , p n2 , . . . , p nl n ). It's vertex and edge sets are respectively given as under,
Note that if in the definition l 1 = l 2 = l 3 = · · · = l n = l then it coincides with the definition of Akhlaq et al. [19] . An example of caterpillar graph under consideration φ(α 1l 1 , α 2l 2 , α 3l 3 ) with α 1l 1 = (4, 3, 4), α 2l 2 = (3, 3, 3, 3) and α 3l 3 = (3, 3, 4, 3, 3) shown in the figure below.
III. MAIN RESULTS
In this section, we present the main results.
Theorem 7:
cannot be smaller then the sum obtained by assigning label 1 to the vertex c n of degree l n + 1, labels from 2 to n − 1 the vertices c n−1 , c n−2 , . . . , c 2 respectively each having the degree l i + 2 where 2 ≤ i ≤ n − 1, label n to the vertex c 1 of degree l 1 +1. For the vertices of degree 2 we assign the labels in the following way: labels from n + 1 to n
to L 2 − l 2 vertices of degree 2 continuing in this same way we will assign labels from n + 1
L n − l n in numbers. For the vertices of degree 1 we proceed as follows: labels from
l i to l 2 vertices of degree 1, continuing in the same way we will assign labels from
to L + n to l 3 , l 4 , . . . , l n vertices of degree 1. So, we have the following situation,
L+n+1
i, where
and
d cannot be greater then the sum obtained by assigning label L + n to the vertex c n of degree l n + 1, labels from L + n − 1 to L + 2 the vertices c n−1 , c n−2 , . . . , c 2 respectively each having the degree l i + 2 where 2 ≤ i ≤ n − 1, label L + 1 to the vertex c 1 of degree l 1 + 1. For the vertices of degree 2 we assign the labels in the following way: labels
to L 2 − l 2 vertices of degree 2 continuing in this same way we will assign labels from
For the vertices of degree 1 we proceed as follows: labels from l n to l n−1 to l 1 vertices of degree 1, labels from l n−1 to l n−2 to l 2 vertices of degree 1, continuing in the same way we will assign labels from l n−3 to l 1 to l 3 , l 4 , . . . , l n vertices of degree 1.
So, we have the following situation,
and and
Proof: Add (L + n − 2)d to all the sides of inequality obtained in Theorem 7.
Now our next set of theorems deals with the results of
Here
We shall use the following expressions to simplify the notations.
Let us define the mapping ζ :
For i = 1, 1 ≤ r 1 ≤ 4 and t = 1, 3, 5, 7, . . . , h r 1 , we define
and for 1 ≤ r 1 ≤ 4 and t = 2, 4, 6, 8, . . . , h j − 1, we define
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For i = 2, 1 ≤ r 2 ≤ 5 and t = 1, 3, 5, 7, . . . , h r 2 , we define
and for 5 ≤ r 2 ≤ l 2 ,
and for i = 2, 1 ≤ r 2 ≤ 4 and q 2l 2 = 2, 4, 6, 8, . . . , h r 2 − 1, we define
For i = 3, 1 ≤ r 3 ≤ 4 and q 2l 2 = 1, 3, 5, 7, . . . , h l 3 , we define
and for 4 ≤ r 3 ≤ l 3
and for i = 3, 1 ≤ p ≤ 4 and t = 2, 4, 6, 8, . . . , h l 3 − 1, we define
As the above pattern of edge sums forms an arithmetic progression given by S = [(ρ + 1) + 1, ρ + m + n], which clearly shows that has an (ρ + 2, 1)-EAVL. So, using Lemma 4, ζ can be extended to S-(a, 0)-EATL where a = 2m +š − 1 =
Theorem 10: Let n = 4, h ≥ 3, h ∼ = 1(mod2) and 4 ≤ l 1 ≤ l 2 ≤ l 3 ≤ l 4 , Then, the subdivided caterpillar φ(α 1l 1 , α 2l 2 , α 3l 3 , . . . , α nl n : n) admits S-(a, d)-EATL with a = 2m +š − 1 and S-(á, 2)-EATL withá =š + m + 1,š = 2h
. . , h r 4 ), for 1 ≤ r i ≤ l i , and i = 1, 2, 3, 4.
Proof:
for i = 4.
and for 5 ≤ r 1 ≤ l 1 ,
and for 5 ≤ r 3 ≤ l 3
2 and for i = 3, 1 ≤ p ≤ 4 and t = 2, 4, 6, 8, . . . , h l 3 − 1, we define
For i = 4, 1 ≤ r 4 ≤ 4 and t = 1, 3, 5, 7, . . . , h r 4 , we define 
and for 5 ≤ r 4 ≤ l 4 ,
As the above pattern of edge sums forms an arithmetic progression given by S = [(ρ + 1) + 1, ρ + m + n], which clearly shows that has an (ρ + 2, 1)-EAVL. So, using Lemma 4, ζ can be extended to S-(a, 0)-EATL where a = 
Theorem 11: Let n ≥ 3, h ≥ 3, h ∼ = 1(mod2) and 4 ≤ l 1 ≤ l 2 ≤ l 3 ≤ l 4 · · · ≤ l n , Then, the subdivided caterpillar φ (α 1l 1 , α 2l 2 , α 3l 3 , . . . , α nl n : n) admits S-(a, d)-EATL with a = 2m +š − 1 and S-(á, 2)-EATL withá =š + m + 1,š = ρ + 2, where α 1l 1 = (h, h, h, h, h 5 , . . . , h r 1 ), α 2l 2 = (h r 1 , h r 1 , h r 1 −1 , h r 1 −1 , h r 1 , . . . , h r 2 ),
ρ = a n Let us define the mapping ζ :
and for 1 ≤ r 1 ≤ 4 and t = 2, 4, 6, 8, . . . , h i − 1, we define
For i ≥ 2, 1 ≤ r i ≤ 5 and t = 1, 3, 5, 7, . . . , h r i , we define
for v = x t i4 , and for 5 ≤ r i ≤ l i ,
and for i ≥ 2 even, 1 ≤ r i ≤ 4 and t = 2, 4, 6, 8, . . . , h r i − 1, we define
For i ≥ 3 odd, 1 ≤ r i ≤ 4 and t = 1, 3, 5, 7, . . . , h r i , we define
2 and for i ≥ 3 odd, 1 ≤ r i ≤ 4 and t = 2, 4, 6, 8, . . . , h r i − 1, we define
As the above pattern of edge sums forms an arithmetic progression given by S = [(ρ + 1) + 1, ρ + m + n], which clearly shows that has an (ρ + 2, 1)-EAVL. So, using Lemma 4, ζ can be extended to S-(a, 0)-EATL where a =
Theorem 12: Let n ≥ 3 even, h ≥ 3, h ∼ = 1(mod2) and 4 ≤ l 1 ≤ l 2 ≤ l 3 ≤ l 4 · · · ≤ l n , Then, the subdivided caterpillar φ (α 1l 1 , α 2l 2 , α 3l 3 , . . . , α nl n : n) admits S-(a, 1)-EATL with a =ǎ + h r 2 −2 , h r 2 , . . . , h r 3 ) . . . α nl n = (h r n−1 , h r n−1 , h r n−1 −1 , h r n−1 −1 , h r n−1 , . . . , h r n ), for 1 ≤ r i ≤ l i , and 1 ≤ i ≤ n.
Proof: Begin:
FIGURE 2. S-(211, 2)-EATL of φ( (3, 3, 3, 3, 5) , (5, 5, 3, 3, 5, 9) , (9, 9, 5, 5, 9, 17, 33) : 3) with a = 211 anď a = 481. ρ = a n ; ζ (c i )
and for r 1 = 5 :≤ r i ≤ l i : r i + +, 3, 3, 3, 3, 5 ), (5, 5, 3, 3, 5, 9) , (9, 9, 5, 5, 9, 17, 33) : 3) is shown in the figure 2. It is found from the inequality obtained in Theorem 7 that for d = 2, the value of a which is the minimum edge weight will lie in between [199, 220.53], here the obtained value is 211. Moreover, the maximum value of edge weight of φ( (3, 3, 3, 3, 5 ), (5, 5, 3, 3, 5, 9) , (9, 9, 5, 5, 9, 17, 33) : 3) that isǎ which is obtained in inequality form in Theorem 8 will lie in the interval [469, 490.53] . Here the obtained value is 481. Therefore, Theorem 7 and 3.2 predicted beforehand the maximum and minimum range for edge weight.
Example 2: As an example the S-(346, 0)-EATL of φ( (3, 3, 3, 3, 5) , (5, 5, 3, 3, 5, 9) , (9, 9, 5, 5, 9, 17, 33) : 3) is shown in the figure 3. It is found from the inequality obtained in Theorem 7 that for d = 0, the value of a which is the minimum edge weight will lie in between [334, 355.53], here the obtained value is 346. Moreover, the maximum value of edge weight of φ( (3, 3, 3, 3, 5) , (5, 5, 3, 3, 5, 9) , (9, 9, 5, 5, 9, 17, 33) : 3) that isǎ which is obtained in inequality form in Theorem 8 will lie in the interval [334, 355.53] . Here the obtained value is 346. Therefore, Theorem 7 and 3.2 predicted beforehand the maximum and minimum range for edge weight.
IV. CONCLUSION
In this note;
• We have computed bounds for minimum and maximum edge-weights of S-(a, d)-EATL for more general class of subdivided caterpillar and proposed labeling scheme has validated the results of bounds.
• The obtained results go in the favor of conjecture proposed by Enomoto et al. (2000) i.e Every Tree admits Edge magic total Labeling. ABDUL RAHEEM received the Ph.D. degree in mathematics from COMSATS University Islamabad, Pakistan, in 2016, and the Postdoctoral degree in mathematics from the National University of Singapore, Singapore, in 2019. He is currently working in different areas of networks sciences and theory of graphs.
